REPRESENTATIONS OF AFFINE NAPPI-WITTEN ALGEBRAS 



YIXIN BAO, CUIPO JIANG*, AND YUFENG PEL* 

Abstract. In this paper, we study the representation theory for the affine Lie algebra H4 
associated to the Nappi-Witten model H4. We classify all the irreducible highest weight 
modules of H4. Furthermore, we give a necessary and sufficient condition for each H4- 
(generalized) Verma module to be irreducible. For reducible ones, we characterize all the 
linearly independent singular vectors. Finally, we construct Wakimoto type modules for 
these Lie algebras and interpret this construction in terms of vertex operator algebras and 
their modules. 



1. Introduction 

Two-dimensional conformal field theories (CFTs) has many applications both in physics 
and mathematics. Vertex operator algebras [TJ [7J CEU [151 [26] provide a powerful algebraic 
tool to study the general structure of conformal field theory as well as various specific models 
[HI [12| [25] etc. One of the richest classes of CFTs consists of the Wess-Zumino-Novikov- 
Witten (WZNW) models [22J, which were studied originally within the framework of sem- 
simple(abelian) groups. It can be shown that most properties of these models are substan- 
tially captured by the properties of the corresponding vertex operator algebras [12]. For 
non-reductive groups, few results on WZNW models are known. However, there has been a 
great interest in WZNW models based on nonabelian nonsemisimple Lie groups [18\ \T7\ Q3] 
in the early 1990, partly because they allow the construction of exact string backgrounds. 
Nappi and Witten showed in [18] that a WZNW model(NW model) based on a central ex- 
tension of the two-dimensional Euclidean group describes the homogeneous four-dimensional 
space-time corresponding to a gravitational plane wave. The corresponding Lie algebra H4 
is called Nappi-Witten algebra. Just as the non-twisted affine Kac- Moody Lie algebras given 
in |13j . the affine Nappi-Witten algebra H4 is defined to be the central extension of the loop 
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algebra of H4. The study of the representation theory of H4 was started in [14J. Further 
studies on NW model were presented in [21 HI [5] . 

In the present paper, we initiate a systematic study of representations of the affine Nappi- 
Witten algebra H4. We discuss the structure of all the (generalized) Verma modules and their 
irreducible quotients. We give a necessary and sufficient condition for each Verma module to 
be irreducible. Furthermore, for the reducible ones , we obtain a complete description for the 
linearly independent singular vectors and classify all the irreducible highest weight modules. 
After that we construct a simple vertex operator algebra associated to the NW model and 
classify all irreducible representations. It is known that the Wakimoto modules for affine 
Kac-Moody Lie algebras have important applications in conformal field theory, representation 
theory, integrable systems, and many other areas of mathematics and physics(see [H [201 [23] 
and references therein). In this paper, we also construct a class of Wakimoto type modules 
(free field realizations) for the affine NW algebra H4 and interpret this construction in terms 
of vertex (operator) algebras and their modules. 

This paper is organized as follows. In section 2, we recall some basic results on the NW 
algebras and their affinizations. In section 3, we investigate the structure of the (generalized) 
Verma modules over the affine NW algebras. In section 4, we discuss the vertex operator 
algebra structures associated to the representations of affine NW algebras. In section 5, by 
the vertex algebras and their modules obtained in section 4, we construct a class of Wakimoto 
type modules (free field realizations) over the affine NW algebra. 

Throughout the paper, we use C, Z, Z + and N to denote the sets of the complex numbers, 
the integers, the positive integers and the nonnegative integers, respectively. 

2. Nappi-Witten algebras and their affinizations 

2.1. Nappi-Witten Lie algebras. The Nappi-Witten Lie algebra H4 is a 4-dimensional 
vector space 

H A = Ca Cb Cc Cd 
equipped with the bracket relations 

[a, b] = c, [d, a] = a, [d, b] = —6, [c, d] = [c, a] = [c, b] = 0. 

Let (, ) be a symmetric bilinear form on H4 defined by 

(a, b) = 1, (c, d) = 1, otherwise, ( , ) = 0. 

It is straightforward to check that ( , ) is a non-degenerate //4-invariant symmetric bilinear 
form on H^. The Casimir element is defined as 

n = ab + ba + cd + dc G U{H 4 ), (2.1) 
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where U{H^) is the universal enveloping algebra of H^. For any 7^ £ G C, we introduce the 
following modified Casimir element : 

n e = n - jc 2 g [/(# 4 ). (2.2) 

It is clear that both f2 and Cti lie in the center of U(H±). 

2.2. #4- modules. The Nappi-Witten algebra H4 is equipped with the triangular decompo- 
sition: 

H 4 = H+ ®H%® HI = H}° HI , 

where 

H+ = Co, Hi = Cc Cd, fl^ = Cb. 
For A G (-H4)*, the highest weight module (Verma module) of #4 is defined by 

M(A) = £/(# 4 ) ®^ ( ^o } C A , (2.3) 

where is the 1-dimensional -£/^°-module, on which /i G #4 acts as multiplication by X(h), 
and HJ acts as 0. For convenience, we denote M(A) by M(c, d) when A(c) = <c and A(d) = d. 
The following lemma is well-known: 

Lemma 2.1 (cf.[H]). For c,d £ C, M(<c, d) is irreducible if and only if <c / 0. If <c = 0, 
then the irreducible quotient L(<d) = L(0, d) = Ct> d suc/t i/iaf 

au d = 6u d = cu d = 0, dv A = di> d . (2.4) 

□ 

Let M = V(a, (3, 7) for a, j3, 7 G C, where V(a, /3, 7) is the -f^-module defined as follows: 
V{a, (3, 7) = n6Z Cu n such that 

du n = (a + n)u n , ct; n = f3v n , av n = -(3v n+1 , bv n = (a + 7 + n)«„_i. (2.5) 

Remark 2.2. M. Willard |21j showed that all irreducible weight modules of H4 with finite- 
dimensional weight spaces can be classified into the following classes: 

(1) Irreducible modules L(d) for d G C. 

(2) Irreducible highest weight modules M(A) or irreducible lowest weight modules M~ (/i). 

(3) Intermediate series modules V(a, (3, 7) defined as 112. 5\) such that (3 ^ and a+7 ^ Z. 



1 



BAO, JIANG, AND PEI 



2.3. Affine Nappi-Witten algebras. To the pair (H 4 , ( , )), we associate the affine Nappi- 
Witten Lie algebra H4, with the underlying vector space 

ff 4 = ^4®C[t,r 1 ]®Ck (2.6) 

equipped with the bracket relations 

[h ® t m , h 2 ® t n ] = [hxM ® t m+n + m(h 1 ,h 2 )5 m+nfi k, [F 4 , k] = 0, (2.7) 

for h\,h 2 G H4 and m,n£Z. It is clear that H4 has the Z-grading: 

£4=11^ 

where 

= F 4 Ck, and #| n) = H 4 ®t n forti/0. 
Then one has the following graded subalgebras of H 4 : 

flf) = ]J #f-) , £p> = J] H P = H[ +) ©ff 4 8 Ck. 

n>0 ra>0 

Let M be an ^-module and regard M as an H^ ^ -module with acting trivially and 
with k acting as the scalar I. The induced ^-module V^^i, M) is defined by 

V 5i {i,M) = Ind|>o)(M) = U(H A ) ® U{S (> 0)) M. (2.8) 

3. Structure of (generlized) Verma modules 

3.1. Verma modules. Let M = L(<d) = Cv^ for d € C be the one-dimensional irreducible 
if4-module defined as in (|2.4|) . Next we shall investigate the structure of the following stan- 
dard Verma module: 

V S4 (£,d) = U(H 4 ) ® u{n (> 0)) Cv d . (3.1) 

Let us recall some basic concepts. A partition A is a sequence A = (Ai, A2, • • • , A r ) of 
positive integers in decreasing order: Ai > A2 > • • • > A r > 0. Denote V for the set of all 
partitions. We call r the length of A, denoted by 1(A), and call the sum of A[s the weight of 
A, denoted by |A|. Let A = (Ai, A2, • • • , A r ), \i = (mi, M2> • • • , Ms) be two partitions. If r < s, 
we rewrite A as A = (Ai, A2, • • • , A r , A r+ i, . . . , A s ), where A r+ i = • • • = A s = 0. If r > s, we 
rewrite fi in a similar way. The natural ordering on partitions is defined as follows: 

A > fi Ai = Mi, ■ ■ • , Ai = ^ Aj + i > Mi+ij f° r some i > 0. 
A = [i Aj = Hi, for all i > 1. 

For k > 1 and partitions A 1 , • • • , A k , fi 1 , - ■ ■ , fi k , we define 

(A 1 ,-- - ,A k ) y (//,••• ,/i fe ) ^ A 1 = fi 1 }'" = fi\A i+1 > fi i+ \ for some < i < k. 
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For convenience, we shall denote x <g> t n by x(n) for x G i?4,n G Z. For x G H4, A = 
(Ai, A2, . . . , A r ) eV, denote 

x(X) := ar(A r ) • • • x(X±), x(— A) := x(— Ai) • • • x(—X r ). 

Let 

5 2 = {{d, a, b), (d, c, a), (d, c, 6), (c, a, 6)}, 

53 = {{d, a),{d, b),(d,c),(a,b),(c, a),(c, 6)}, 

54 = {d, c, a, b}; 

and 

B± = {d(±A)c(± M )a(±i/)6(±7/), | A, M , 1/, 77 G P}, 
^ = { a; i(±^) a; 2(±/w)a;3(±^) I (xi,x 2 , x 3 ) G S2, A,/x, 1/ G "P}, 
^ = {xi(±A)ar 2 (±At) | (xi,x 2 ) G S3, A,/z G T 3 }, 
= {x(±A) I x G 5 4 , AgT 3 }. 

Then 

i=i 

is a PBW basis for U{h[ ±] ). For X = d{-\)c(-fi)a(-v)b{-ri) e B±,Y = d{\)c{^)a{v)b(r]) G 
Bf, we define 

ht(X) = |A| + \n\ + \u\ + \rj\, ht(Y) = -(|A| + + + \r/\). 

Similarly, we can define ht(.Z') for other elements Z in B^. The following lemma is obvious. 

Lemma 3.1. Let X G B~ , Y G B + be such that ht(X) < -ht(Y). Then Y(Xv d ) = 0. 

We are now in a position to give the first main result of this section. 

Theorem 3.2. For £, d G C, the H^-module Vg (£, d) is irreducible if and only if £ ^ 0. 
Furthermore, if t = 0, Z/ten i/ie irreducible quotient of Vq (£, d) is isomorphic to the one- 
dimensional H^-module Cv^. 

Proof. For -u = G V Hi (£, <d), X £ B, we denote 

degv = htpT), degfd = 0. 

Then V~ 4 (£,d) is N-graded. 

If £ = 0, it is easy to see that {x(— l)i»d \ x = a,b,c,d} are singular vectors and generate 
the maximal non-trivial submodule of V^(£, d), which implies that V^(£, d) is reducible and 
its irreducible quotient is Cv^. 
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Conversely, let £ ^ 0. By PBW theorem and the definition of V^^(£,<d), we have 

{v d ,xv d | x € B~} 
is a basis of (£, d) . For n£Z + , let 

Pn = c{n), q n = d{-n). 

Then 

\p m ,qn] = m5 m>n k. 

Therefore 

s = e„ e z+ (Cp n Cg n ) Ck 

is a Heisenberg algebra and Vg^(£, d) is an s-module such that k acts as £ / 0. Since 
every highest weight s-module generated by one element with k acting as a non-zero scalar 
is irreducible, it follows that Vg^ (£, d) can be decomposed into a direct sum of irreducible 
highest weight modules of s with the highest weight vectors in 

= {v d ,c(-X)a(-n)b(-u)v d ,y 1 (-X)y 2 (-n)v d ,x(-X)v d 

I (2/1,2/2) e {(a, 6), (c, a), (c, 6)}, x € {a, 6, c}, A, /i, v G P}. 

Now suppose that, for ^ 7^ 0, V^^(£, d) is not irreducible and let J7 be a proper non-zero 
submodule of Vg^(£, d). Then there exists a non-zero homogeneous singular vector u in U 
such that u is a linear combination of elements in AT such that 

Xu = 0, fox all X £U(H { 4 +) ). 

We will show that there exists an element Y in B + such that Yu 7^ 0, giving a contradiction. 
Hence we can obtain Vg 4 (£, d) is irreducible. We may assume that 

3 

u = ^2XiV d} 
i=i 

where ht(Xi) = ht(X 2 ) = ht(X 3 ) and 

h 

3=1 

where {X^\^\v^) y {X^ +1 \ i/ 1 ^ 1 )) for j = 1, • • • , h - 1, 

X2 = X21 + X22 + -^23) 



where 

h h 
X 21 =Y j a 2j c{-\ {2 ^)a{-^), X 22 = ^a 3j c(-\M)b(- V M), 

3=1 3=1 
k 

x 23 = J2^A-^ j) )K-^ m ), 

3=1 

for (A^\/i (2i) ) y (A(^ +1 ), / u^'+ 1 )) j = I,--- ,l 2 - 1;(A^V^')) y j = 

1, ■ ■ ■ , l 3 ~ 1; and Gu (4j) , ^ {4j) ) >- (^ (4j ' +1) , z^' +1 )) j = 1, • • • , l A ~ 1, and 

X 3 = X 3 i + -X32 + -^33) 

where 

*3i = X> 5j c(-A^)), X 32 =^a 6j a(V 6j ')), *33 = £ a 7j b(-v™), 
3=1 3=1 3=1 

for y \(5J+i) j = 1, — , Z 5 — 1; >- // 6 ^ +1 ) ; = 1, ■ ■ ■ , Z 6 - 1; and z/( 7 -?) >- z/ 7 J +1 ) 

i = !,-•• ,h-i- 

We break up the proof into seven different cases. 

(1) X 32 / 0. Let Y = 6(// 61 )), then 

3=1 

where /i (61) = {uf l \- ■ ■ ,fJ^)- 

(2) X 32 = 0, X 33 ^ 0. Taking Y = a(z/ 71 )), we have 

YX^d = FI 2 « d = 0, YX 3 v d / 0. 

Hence Yu / 0. 

(3) X 32 = X 33 = 0, X 23 + 0. Let F = a(^)b(u^), then 

yXn; d = YX 3 v d = 0, FI 2 t; d / 0. 

which implies that Yu ^ 0. 

(4) X 23 = X 32 = X 33 = 0, X 31 + 0. Let Y = d(X^), then we have 

YX lVd = YX 2 v d = 0, YX 3 v d / 0. 

Hence Yu / 0. 

(5) X 3 = X 23 = 0, Xi ^ 0. Let F = a^ 11 ))^ 11 ))^ 11 )), then 

yx 2 t; d = 0, yxx« d + 0. 

Hence Fu 7^ 0. 
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(6) Xx = X 3 = 0, X 23 = 0, X 21 ± 0. Let Y = b(^)d(X^), then Yu + 0. 

(7) Xi = X 3 = 0, X 21 = X 23 = 0, X 22 / 0. Let Y = a(z/ 31 ))d(A( 31 )), then Yu ^ 0. 

We complete the proof of the theorem. 

□ 

3.2. Generalized Verma modules. Next we shall consider the generalized Verma modules 
Vg 4 (4c,d) = V S (£,M(X)) = Ind|> 0) M(A) 

as defined in (|2,8p . where M(A) is the i^-module defined in f)2 .3[) such that A(c) = € € C* 
and A(d) = d G C. It is clear that #4 has the following new triangular decomposition: 

H 4 = H± ®H%®H£, (3.2) 

where 

h+ = Ca e irj >0) , # 4 - = Cb e #j <0) , ff| = Cc e Cd e Ck. 

According to this new triangular decomposition, for <d,£ G C and c G C*, we have the 
standard Verma module 

V%™(\) = Um® um+mWx . (3.3) 

where A G (H®)*, H^w\ = and xw\ = \(x)w\ for all x G #4. Furthermore, if 

A(c) = c, A(d) = d, A(k) = t, 

then the generalized Verma module Vg 4 (£, <c, d) is isomorphic to the standard Verma module 
V£ ew (\) as ^4-modules. 

The second main result of this section is stated as follows: 



Theorem 3.3. For £, d G C and c G <C* ; the H^-module V^^i, <c,d) is irreducible if and 
only if £ ^ and c ^ Furthermore, we have 

(i) If £ ^ and <c + = 0, /or some m G Z +; t/ien all the linearly independent singular 
vectors are 

u =iYl (aAc(-A)6 + ^6 A \ AiA c(-A\A i )6(-A J ))] fc t; d , 

AeP(m) i=l 



for all k € Z + , satisfying 

a x qi\i£ - &A\Ai,Ai =0, % = 1, 2, • ■ ■ , 

GAC + ^&AXAi.Ai = °> 
i=l 

( c + V) + X] & A\A i \A i ,A i +A j = 0; 
i=i 

(ii) If £ ytz and <c — mi = 0, /or some m G Z + , i/ien aZZ the linearly independent singular 
vectors are 

u=[ XI X c A\A i ,A i c(-^\ A t )a(-A i ))] fc u d , 

AeP(m) i=l 

/or aZZ k € Z+, satisfying 

<7iVc A \ Aj>A . + c A \ Ai \ Aj>Ai+Aj =0, i, j = 1, 2, • • • ,k x ,i^ j, 

kx 

CA\A t ,A t (-<C + V) -^ C A\A,\A 3 ,A,+A 3 = °) * = 2 > ' ' ' > fc A, 

i=i 

where in (i) and (ii), P{m) is the set of all partitions of weight m, 
AW = (A,V,A)eZ*, A = (A^ ) ,A? 2) ,...,A^ ) ) 

suc/i i/iai 5Z^=i Qi^i = m > an d A \ A» = {X^, ' ' ' > \^ ^? ' ' ' > A^*^) anc ^ */ A = Aj, 
tfien c(-A \ Aj)6(-Aj) = o(-Aj), c(-A \ Ai)a(-Aj) = a(-Aj); 

(iii) If £ = 0, then all the linearly independent singular vectors are 

u = c(-A)v d , 

/or a// partitions A € T 3 . 

Proof. If £ = 0, then it is easy to see that {c(— A)u d | A € V} are all the linearly independent 
singular vectors. 

Now assume that £ ^ 0. 

Let s be the infinite-dimensional Heisenberg algebra defined in the proof of Theorem 13.21 
Then as an s-module, Vg (£, <c,d) is a direct sum of irreducible highest weight s-modules 
with k acting as £ and highest weight vectors in 

■A/a = {b i v <d ,c(-X)a(-fi)b(-v)b i v d ,y 1 (-X)y 2 (-^)b i v <d , 
x(-X)b l v d \i>0, (yi,y 2 ) G {(a, 6), (c, a), (c, 6)}, sc € {a, b, c}, A,//, z/ G 
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Let 

H± = h[ + ^ + H± , 

where and H% are denned as in Section 2.3. For n € Z, define 

deg a(—n) = n — 1, deg b(—n) = n + 1, deg c(— n) = n, deg d(—n) = n, deg k = 0. 

Then U(H±) is Z-graded. So we get an N-gradation of V j 2; eu '(^, <c, d) by defining degt>d = 0. 
Suppose that u € (•£, <c, d) is a singular vector such that 

U(H+)u = 0. 

Since (£, <c,d) is a direct sum of irreducible highest weight s-modules and M(A) is irre- 
ducible, we may assume that u is homogeneous and 



3 

"'•ii 



i=l 

where 

h 

Ul = J]a y c(-A( y ))a(-M (y) )6(-i' (y) )6 fclJ 'vd, 
i=i 

for (AW),/iW),z/W)) ^ (A(W),m (1j+ V (1J+1) ),.7 = 1, - - - ,Zi - 1, 

U2 = U21 + U 2 2 + «23> 

where 

h h 

3=1 3=1 
k 

3=1 

for (A^'),M (2j )) y (A(^'+ 1 ),^'+ 1 )),i = 1, ■ ■ ■ ,Z 2 - 1; (A^),^')) >- (A^ 1 ), j 
1,... ,Z 3 -1; ( A1 (^), l/ (4j)) ! .( M (4J+i) )I/ (4J+i)) ji = 1) ... ,/ 4 _i, an d 

■U3 = ^31 + U32 + U33, 

where 

3=1 

U32 = Y,a 6j a(-^)b k ^v d , u 33 = J2a 7j b(-u^)b k ^v d , 

3=1 3=1 
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for A^') y X^ +1 \j = l,... ,k -l; /i (6i) >- M (6 ' i+1) ,i = l, • ■ ■ ) ^6 — i; ^ (7i) >- ^ (7 ' i+1) ,j = 

1) ■ " " >i7-l- 

Case 1 i ^ and c ^ £Z. One can prove that n = by the same method used in the 
proof of Theorem 13.21 Therefore V§ ew (£, <c, d) is irreducible. 

Ha, 

Case 2 I ^ and <c € «. 

Since au = 0, it is easy to see that kij = 0, for i = 4,6, 7. If U33 7^ 0, we consider a{v\ )u. 
Since no monomial of a{v^^)u\, a(Vj 71 ' ) )u2, a(i^ 71 ^)u3i and a(v^' 1 ^)u32 is of the form 6(— 77), 
where 77 € "P, we deduce that 

<c + z^ 71) £ = 0. 

Similarly, considering a{v^})u, where fr 7 ^ = min{v^ l 7 f > , j = 1,2, ■ ■ ■ we have 

v + ug*>£ = 0. 

Then we deduce that I7 = 1 and U33 = 031 ))* 3 «d such that 

<c + v[ n) £ = 0, A: 3 (^ 71) + l) =degu. 
If ^32 7^ 0, then by the fact that b(fi\ )u = 0, we have 



Therefore 



c - $ X) l = 0. 



which is impossible since fj,± + i^ 71 ^ > and £ 7^ 0. We deduce that U32 = or M33 = 0. 
Subcase 1 U33 7^ 0, U32 = 0. 

By the fact that b^i^^u = b([i^)u3i = b(fi^)us3 = ')u22 = 0, and both 

&(/4 41 Vi and b{tf l) )u2\ contain no monomials of the forms a{—\)b(—[i) and b(— /j), where 
A, /j, € V, we have 

h r a 

&(/4 )«23 = «4j V <5 (41) Uj)(-<K + fJ,f^£) 

•aC-^'V^^C-^K = 0, 

where a(— //p 4 ^) means this factor is deleted. So if U23 7^ 0, then — c + £ = 0, which 

(21) 

is impossible since <c + v\ ' £ = 0. This proves that U23 = 0. Let Y = b(fi\ ), then Yu = 
Yu\ + Yu2\ = 0. If U21 7^ 0, comparing Yu\ and Yu2\, we have 

-c + /jf 1) £ = 0, 

which is not true. So U21 = 0. Similarly, u\ = 0. Therefore 

U = U22 + U31 + U33. 
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By the fact that a(u[ 31 ^)u = 0, we can easily deduce that i/( 3 ^ < v^ 71 \ j = 1, • • • , Z 3 . 
Similarly, we have r< z/ 71 ), A( 5fc ) < z/ 71 ), j = 1, ■ ■ ■ , Z 3 , k = 1, • • • , l 5 . If u[ 71) = 1, then 
<c + £ = 0, u 33 = a 7 i&(-l) fc3 f d and 

h h 
U22 = ^a 3jC (-l) Ps ^(-l) 933 & fc3 ^d, «3i = X)a 5j c(-l)P«6 fc «i; d . 

Since d(l)u = 0, we have 

U22 + «31 + U 33 = fc(^r fc3 ^C4c(-l) fe3 -^(-l)^ fe3 -^ d ), 
j=0 

for some fc£C. Let 

u = ^r fc3+J 'c4c(-l) fe3 - J '6(-l) J '6 fc3 - J u d = (r 1 c(-l)& + 6(-l)) fc3 « d . 
i=o 

Then we have 

fc 3 

au = J2^ k3+j Ci 3 (jc(-l) k3 - j+1 b(-l) j - 1 b k3 - j + (jfe 3 - j)cc(-l) fe3 - J '6(-l) J '6 fc3 - J - 1 )i; d = 0. 

3=0 

It is clear that a{n)u = b(n)u = c(n)u = d(m)u = 0, for n > 1, m > 2. We prove that w is a 
non-zero singular vector for each /c 3 G N. 

Assume that z/J 71) > 1. If z^ 3i) = 1 for all j = 1,2, ••• ,/ 3 . Then u[ 71) = 2. In fact, if 
u[ 71 ^ > 2, then a(u[ 71 ^ — 1)7/22 = o(^i 71 ' ) — 1)^31 = 0, a(u^ — l)u 33 / 0, a contradiction. 
If fc 3 > 1, then a(l)n 3 i = 0, and 0(1)7/33 contains factor &(— 2), but no monomial of 0(1)1/22 
contains factor 6(— 2). So 033 = U22 = 0. Then 031 = and we deduce that u = 0. If £3 = 1, 
then 033 = 07i6(— 2)u d and one can easily deduce that 

u = (£c{-2)b + c(-l) 2 6 + 2£c{-\)b{-l) + 2£ 2 b(-2))v A 

(71) 

is a singular vector. Generally, for v\ =2, we have 

u = (£c{-2)b + c(-l) 2 6 - <cc(-l)6(-l) - £<cb(-2)) k v d , k > 1. 

Now assume that z^ 71 ^ = m > 2 and Z(z^ 71 )) = 1. Let 1 < p < Z 3 be such that Z(z^ 3p )) = 
mox{J(i/( 3j ')),j = 1,2, - ■■ ,Z 3 } and if Z(i/( 3 «)) = /(i/ 3 ^), then z/ 3 f) >; z/( 3 «). If Z(z;( 3p )) > 1, 
then d(A (3p) )u / 0, a contradiction. So = 1 for all j = 1,2, ■■■ ,/ 3 . It follows that 

= 0)J = I)""" since an = 0. For x G Z + ,/c G Z + , denote (x, ••• , x) G N fc by x( fe ). 
Then 

u= J2 { a ^ c (- x ) b +J2 bx \^^~ x \ Xi ^~ Xi ^ vd ' 

AGP(m) i=l 
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where P(m) is the set of all partitions of weight m, A = (A^ 9l \ X^ 2 \ ■ ■ ■ ,X^ kx ^) such that 

Y*ti Qi^i = m, and A\A, = (\{ qi) , ■ ■ ■ , x\ qi ~ 1} , ■■■ , A^ a) ). By the fact that d(n)u = a{m)u = 
0, for m € N, n € Z + , and <c+m£ = 0, we deduce that a A , b\\\^\.,i = 1, 2, • • • , A; A are uniquely 
determined by the following equations up to a non-zero scalar. 

a\qi\i£ - bx\Xi,Xi = 0, i = 1, 2, • • • , fc A (3.4) 

&A &A 

OAC + ^ 6 A\A,,A l = 0, 6a\A,,A,(c + Ai£) + ^ ^X\Xi\Xj,Xi+Xj = 0. (3.5) 

i=l j=l 

It is easy to check that the « determined by (|3.4p and (|3.5p is indeed a non-zero singular 
vector. Generally 

fc A 

« = [ E («Ac(-A)6 + ^6 A \ AiiAi c(-A\A,)6(-A 4 ))]^ d , ^ = 1,2,-.. 

AeP(m) t=l 

satisfying (j3.4|) and ()3.5[) are all the linearly independent singular vectors. 

Subcase 2 U33 = 0, U32 7^ 0. Then — c + = 0. Similar to the proof for Subcase 1, 

we can deduce that u\ = U22 = U23 = 0, Zg = 1, /U^ 61 ) = (/4 61 \ • • • ,^1^) and = = 
0,1 = 1,2,-. ■ ,Z 2 ,j = 1,2, • • • ,/ 5 - 

We first assume that Z^ 61 )) = 1 and /u[ 61 ^ = m. Then it is easy to see that /(/Z 2 ^) = 1, 
j = 1, 2, • • ■ , 1*21 = 0. Therefore 

fcA 

AGP(m) i=l 

where P(m) is the set of all partitions of weight m, A( fc ) = (A, A, • • • , A) 6 Z5_, A = (Aj\ 

A 2 92 \ • • • , A^ a) ) such that Et=i = ™> and A \ = (A? l} , ■ ■ ■ , A^, ■ • • , A^). By 
d(n)u = b(n)u = 0, for n £ Z+, we deduce that 

qAitcxw-^ + c A \ Ai \ Aj . jAi+A . =0, i, j = 1,2, • • • ,k x ,i^ j, (3.6) 

cx\x i ,x i (-<c + Xi£) -^2 c x\Xi\\j,Xi+^ =0 ' i = 1 ) 2 )-"- ,k x . (3.7) 
i=i 

Actually, u is uniquely determined by (|3.6|) and (|3.7|) . Then one can easily deduce that all 
the linearly independent singular vectors are 

fcA 

u=[ E c aac(-A\ Xi)a(-Xi))} k v d , k e Z + 

AeP(m) i=l 

satisfying jM} and ([321) • □ 
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3.3. In this subsection, we shall study the irreducibility of ^-module 

with k acting as a scalar I. It is obvious that V(a, (3, 7) is irreducible if and only if (3 7^ 
and q + 7 ^ Z. Similarly, we have 

Theorem 3.4. Zei a, /3, 7 G C 6e smc/i i/iai a + 7 ^ Z, /3 ^ 0. T/ien i/ie H^-module 
Vg 4 (£, a, (3, 7) is irreducible if and only if (3 + n£ ^ /or aZZ n G Z. Furthermore, we have 

(i) If £ ^ and (3 + ml = 0, for some m G Z+, i/ien /or eac/i /c € Z +; 

&A 

«=[ E («Ac(-A)6 + X;6 ANAi)Ai c(-A\A i )6(-A i ))] fc « , 

AeP(m) i=l 

satisfying 

a\Qi\t ~ h\\i,\i =0, i = 1, 2, ■ ■ ■ , fc A , 

kx k x 
i=l j=l 

generates a non-trivial submodule of Vg^(£, a, (3, 7); 

(ii) If £ j^z and j3 — m£ = 0, for some m G Z +; then for each k G Z +; 

kx 

AGP(m) «=1 

safe/i/ing 

%A^c A \ Aj)A . + c A \ A .\ AjiA . +Aj . =0, i,j = 1, 2, • • ■ , fc A , j, 

c A \ AiiAi (-c + A^) - E CA \ A AAjAi+A 3 = 0, * = 1,2, - •• ,k\ 
3=1 

generates a non-trivial submodule of Vg- a, /?, 7), where in (i) and (ii), P(m) 

is the set of all partitions of weight m, = (A, A, • • • , A) G Z+ ; A = (A^, 

4" 2) > ■ ■ ■ , A^) snc/i ttai Efci ftAi = m, and X\\ = (X^\ ■ ■ ■ , ^ qi ~ 1 \ • • • , A^ } ) 
and if A = A«, i/ien c(— A \ Aj)6(— Aj) = 6(— Aj), c(— A \ Aj)a(— A«) = a(— Aj); 

(iii) If £ = 0, then for each X £ V, u = c(—X)vo generates a non-trivial submodule of 
Vg 4 (4a,0, 7 ). 

□ 
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4. Vertex operator algebra structure associated to H4 

We assume that the reader is familiar with the basic knowledge on the notations of vertex 
operator algebras and their weak modules, admissible modules and ordinary modules. 
For h £ H4 we define the generating function 



h(x) = ^(/lOf^-™- 1 £ H^x,x~\ 



Then the defining relations (12.7f) can be equivalently written as 



Mxi), h 2 (x2)\ = [hxM{x2)x^S - (h u h 2 )-^-x^5 (^\ k. (4.1) 

Given an ^-module W, let h(n) denote the operator on W corresponding to h ® t n for 
h £ H4 and n £ Z. We shall use the notation for the action of h(x) on W: 

h w (x) = h(n)x-"- 1 £ (EndW)[[x, x' 1 }]. (4.2) 

Definition 4.1. Let W be a restricted /^-module in the sense that for every h £ H4 and 
w £ W, h{n)w = for n sufficiently large. We say that the i^-module W is of level I if the 
central element k acts scalar t in C. 

Let i be a complex number. Consider the induced module defined as (|3. 1)1 (let d = 0): 

V S4 (£,0) = U(H 4 ) ® u{S (< 0)) v . 

Set 

i = v £V S4 (e,o). 

Then 

n>0 

where (£, 0)( n ) is spanned by the vectors 

h {l) ■••/i (r) 1 

"-mi n -m r - L 

for r > 0, /i^ g iJ 4j m, > 1, with n = mi + • • • + m r . It is clear that V^ 4 (£, 0) is a restricted 
^-module of level I. We can regard H4 as a subspace of (£, 0) through the map 

H4-»-Vg(40), /i^/i(-l)l. 

In fact, # 4 = Vg (i,0) (1 ). 
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Theorem 4.2 (cf. [15, 17J). Let £ be any complex number. Then there exists a unique vertex 
algebra structure (Vq a (£, 0), Y, 1) on Vg 4 (£, 0) such that 1 is the vacuum vector and 

Y(h,x) = h(x) G (EndV^ 4 (£,0))[[x,x" 1 ]] 

for h G H4. For r > 0,h^ G H^rn G Z+, the vertex operator map for this vertex algebra 
structure is given by 

Y{hP-\n 1 )---h^\n r )l,x) = o d^ ni ^ l) h^{x)---d { - rw - l) h {r) {x) ° 1, 

where 

Q(n) = 1M 

n! 

° ° is the normal ordering, and 1 is the identity operator on Vg (£, 0) . 

Proposition 4.3 (cf. [E]). ^4ny module W for the vertex algebra Vg^(£,0) is naturally a 
restricted H^-module of level £, with hw(x) = Yw[h,x) for h G H4. Conversely, any restricted 
H^-module W of level £ is naturally a Vg^(£, 0) -module as vertex algebra with 

Y w (hW(ni) ■ ■ ■ h^(n r )l,x) = I d(-**-Vh$(x) ■ ■ ■ d^ n ^h^(x) ° l w , 

for r > 0,h^ G H±,m G Z. Furthermore, for any Vg (£, 0)-module W, the Vg (£,0)- 
submodules ofW coincide with the H^-submodules ofW. 

Remark 4.4. Theorem and Proposition \4-3\ in fact hold for the general quadratic Lie 
algebra , i.e., a (possibly infinite- dimensional) Lie algebra equipped with a symmetric invariant 
bilinear form. 

In the following, we shall show that Vg^(£, 0) is in fact a vertex operator algebra under 
certain conditions. 

Let £ be a non-zero complex number. Set 

u> = 1 (o(-l)6(-l) + &(-l)a(-l) + c(-lM-l) + d(-l)c(-l)) 1 - i- c (-l) c (-l)l 
= \ (a(-l)6(-l)l + c(-l)d(-l)l) - lc(-2)l - ^L c (-l)c(-l)l (4.3) 
and define operators L(n) for n G Z by 



(nix - ™ 2 . 



Next, we will follow [7 J in using the vertex algebra structure to establish the Virasoro 
algebra relations, rather than directly calculating the commutators. 
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Proposition 4.5. Let I be a complex number such that i ^ 0. Then for h £ H4 and m,n € Z, 

[L(m), /i(n)] = -nh(m + n), (4.4) 

1 „ 

[L(m),L(n)] = (m - n)L(m + n) + -(to -m)5 m+n)0 , (4.5) 



Of/ 



an?/ restricted H^-module W of level I. In particular, these relations hold on (£, 0) and 

L(0)v = nv, for v e Vq (£, 0), n > 0, 
L(-1) = P, 

where V is the V-operator of the vertex algebra Vq 4 (£, 0) defined by 

Vv = v„ 2 \ for v eV S4 (£,0). 

Proof. By Theorem l4.'2l any restricted ^4-module of level £ is naturally a Vq (£, 0)-module. 
Then relation ()4.4p can be written as 

[h(n), L(m)] = nh(m + n), (4-6) 

for h £ H, to, n £ Z. Equivalently, in terms of generating function, we have 

[Y(h, Xl ),Y(u;, X2 )] = -h(x 2 )£-x?6 (^) . (4.7) 

By the commutator formula ([IS]) for the vertex algebra and modules, it suffices to prove 

h n ui = 5 n> ih, for n > 0. (4-8) 

Since Vq (£, 0) is Z-graded ^-module with Vg (£, 0)( n ) = for n < 0, then 

h(m)uj = 0, for m > 2. (4.9) 

Next we compute fo(2)u;, h(l)oj, and /i(0)w, using the relation (|4.ip with k acting as £. 

£h(2)co = /i(2)ra(-l)6(-l)l + c(-l)d(-l)l-ic(-2)l-i C (-l)c(-l)l 

= (a(-l)fc(2) + [/ i ,a](l))6(-l)l + (c(-l)/ i (2) + [fc,c](l))d(-l)l 

- i(c(-2)/ l (2) + 2(n, c)€)l - lc(-l)c(-l)fc(2)l 

= [h,a](l)b(-l)l-{h,c)£l 

= ([h,a],b)£l-(h,c)£l 

= 0. 
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£h(l)u, = ^(l)U(-l)6(-l)l + c(-lK-l)l-ic(-2)l-lc(-l)c(-l)lJ 

= (a(-l)fc(l) + [h, a](0) + (/t, a)k)6(-l)l + (c(-l)^(l) + (fc, c)k)d(-l)l 

-i(c(-l)h(l) + (h,c)k)c(-l)l 
= o(-l)(7»,6)a + [[/i, a], 6] (-1)1 + 6(-l)(/i,o)£l + c(-l)(/t, d)a 

+d(-l)(/i,c)£l -c(-l)(/j,c)l 



fl»(0)a, = h(0) (a(-l)b(-l)l + c(-l)d(-l)l - ic(-2)l - l c (-l) c (-l)l 

= (a(-l)Zi(O) + [h,a](-l))b(-l)l + c(-l)fc(0)d(-l)l - i(c(-l)c(-l)/»(0)l 
= a(-l)[/i,6](-l)l + [/i,o](-l)6(-l)l +c(-l)[/t,d](-l)l 
= 0. 

For h £ H, ii £ Z, we have 

[L(-l) -D,/i(n)] = (4.10) 

as operators on Vg^(£,0) and 

(L(-l) -X>)1 = u) l - 1_ 2 1 = 0. (4.11) 

It follows that L{— 1) = 2? on (£, 0). Similarly, L(0) = D, where the weight operator D 
is defined by Dv = nv for v € ^# 4 (A0)(n) with n £ Z. For the Virasoro relations (|4.5|) . it 
suffices to prove 

wiw = L(0)u = 2oj, 
u^ui = L{2)uj = 21, 
= L(n — 1)uj = 0, 
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for n = 2, n > 4. By (14.41) . we get 

L(0)u> = iL(0)(a(-l)6(-l)l + C (-lK-l)l-i C (-2)l-l C (-l)c(-l)l 
= 2uj. 

L(2)u = ^(2)L(-l)6(-l)l+c(-l)d(-l)l-^c(-2)l-ic(-l)c(-l)l 

= ~ ([L(2),a(-l)]6(-l)l + [L(2),c(-l)]d(-l)l - c(0)l - 1[L(2), c(-l)]c(-l)l 

-j (a(-l)6(l)l + c(-l)d(l)l - ^c(-l)c(l)l 
= ~ (a(l)6(-l)l + c(l)d(-l)l - c(0)l - lc(l)c(-l)l 

= ~((a,6)kl + (c,d)kl) 
= 21. 



L(1) W = ^L(l) (a(-l)6(-l)l + c(-l)d(-l)l - ^c(-2)l - l c (-l) c (-l)l 
= j (a(0)6(-l)l + c(0)d(-l)l - c(-l)l - l c (0)c(-l)l 

= ~ (c(-l)l - c(-l)l) 
= 0. 

L(n)a; = ^L(n) U(-l)6(-l)l + c(-l)d(-l)l - \c{-2)l - l c (-l) c (-l)l 

= j (a{n - 1)6(-1)1 + c(n - l)d(-l)l - c(n - 2)1 - ^c(n - l)c(-l)l 
= 

for n > 3. □ 

Remark 4.6. The construction of the conformal vector oj, named Nappi-Witten construction, 
is different from the Segal-Sugawara construction for affine Lie algebras |15} 124] . because it 
is easy to check that the action of the Casimir element £1 defined in \2. 1\) acts on H^funder 
the adjoint representation) is not a scalar. For more general study on conformal vectors, we 
refer the reader to |17] . 



Summarizing, we have 
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Theorem 4.7. Let £ be a complex number such that £ ^ 0. Then the vertex algebra Vq (£, 0) 
constructed in Theorem \4-S\ is a vertex operator algebra of central charge 4 with uj defined in 
(J3p a confomral vector. The It-grading on 0) is given by L(0)-eigenvalues. Moreover, 

H = Vq (£, 0)(i), which generates Vq 4 (£,0) as vertex algebra, and 

[h(n), L{m)\ = nh(m + n), for h € H, m,n € Z. 

Let I be a complex number such that I ^ and M be a ^-module on which the modified 
Casimir operator acting as a scalar cm- Let W = Ind^1 >0) (M). Since W is a restricted 

i/4-module of level £, by Proposition 14.31 W = Ind^* >0) (M) has a unique admissible module 

structure for the vertex operator algebra Vg^i, 0) such that = ^wO^) f° r h G i?4. 

Moreover, = U neN W^fr+n) with VF( r ) = M, where r = In particular, if M is finite- 
dimensional, W is an ordinary module for the vertex operator algebra Vg- 0). 

Theorem 4.8. For £ ^ and d € C, £/ie H^-module Vq^I, d) is naturally an irreducible 
ordinary module for the vertex operator algebra Vg (£, 0) . Furthermore, the modules Vg (£, d) 
exhaust all the irreducible ordinary V^^(£,0) -modules up to equivalence. 

Proof. This proof is completely parallel to the proof of Theorem 6.2.33 in |15| . □ 

Remark 4.9. For any vertex operator algebra V , Zhu in [27] constructed an associative alge- 
bra A(V) such that there is one-to-one correspondence between the irreducible admissible V- 
modules and the irreducible A(V)-modules. This fact has been used to classify the irreducible 
modules for vertex operator algebras associated to affine Lie algebra (cf. [12\). Similarly, for 
£ € C*, one can show that A(Vq (£, 0)) is canonically isomorphic to U{H^). 

5. Wakimoto type realizations 

In this section, we shall construct Wakimoto type modules for affine Nappi-Witten algebra 
H4 in terms of vertex operator algebras and their modules. 

5.1. Weyl algebra. Let A be the Weyl algebra with generators f3(n),j(n)(n € Z), k, and 
the following relations 

\P(m), 7 (n)] = <W,ok, [7(m) l7 (n)] = [f3(m), (3(n)] = 0, [k, A] = 0. (5.1) 

Consider the following irreducible .4-module generated by a vector 1 which satisfies: 

k\ VA = id, p(n)l = 0, n > 0, 7(71)1 = 0, n > 0. 

Define a linear operator D on V4 by the formulas 

D1 = 0, [D,P(n)] = -n/3(n- 1), [D, 7 (n)] = -(n - l) 7 (n - 1). 
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Let 

/3(x) = ^/3(n)x-™- 1 , 7 (x) = ^ 7 (n)x-™, 

Then 

Theorem 5.1 (see |12j). There exists a unique vertex algebra structure (V4, Y, 1) on V4 suc/i 
t/iai 1 is the vacuum vector and the vertex operator map for this vertex algebra structure is 
given by 

Y(/3(-l)l, x) = (3(x), Y (7(0)1, x) = 7 (x) E EndVU[[x, aT 1 ]] 

and 

y(/3(-ni) • • • /3(-7v)7(-mi) • • • 7(-m s )l, x) 
= ° 5 ( " 1 - 1) /3(x) • • • d inr - 1) p{x)d {mi) - / {x) ■ ■ • 9 (ms) 7 (x) ° 1. 
for r,s > 0, m.j > 0, rij > 1, where 1 is £/ie identity operator on V4. 

Remark 5.2. V4 is no£ a vertex operator algebra since it has infinite dimensional homoge- 
neous components. 

5.2. Heisenberg algebras. Let f) be a finite dimensional abelian Lie algebra with a non- 
degenerate symmetric bilinear form (•, •) and h = f) <8> C[t,i _1 ] © Cc the corresponding affine 
Lie algebra. Let A G t) and consider the induced f)-module 

M(1,A) = [7(f)) ®E/(f„8C[t]©Cc) C ~ 5(f) (g)t _1 C[t -1 ]) (as vector spaces) 

where f) <8> fC[t] acts trivially on C, f) acts as (a, A) for a € f) and c acts as 1. For a E f) and 
n E Z, we write a(n) for the operator a®t n and put 

a(z) = a(n) z~ n ~ 1 . 

Set 1 = 1 € C. For a±, ■ ■ ■ , € f), ni, • • • , € Z + and f = a\{— n\) ■ ■ • «&(— n^)l E 
M(l) = M{1, 0), we define a vertex operator corresponding to v by 

Y(v,x) = ° o d {ni - 1) a 1 (x)d in2 - 1) a 2 (x) ■ ■ ■ d^'^ a k {x)° Q . 

We can extend Y to all v E V by linearity. Let {u\, • • • , n^} be an orthonomal basis of f). Set 
ujj = 5 Si=i n «( — 1) 2 1- The following theorem is well known : 

Theorem 5.3 (cf. [H]). The space M(l) = (M(l, 0), Y, 1, ujjj) *s & simple vertex operator 
algebra and M(l,a) for a E f) gii>e a complete list of inequivalent irreducible modules for 
M(l). 
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In the following, we always assume that t) = Cp(BCq is a 2-dimensional abelian Lie algebra 
equipped with the following symmetric bilinear form ( , ) such that 



(p,g) = i, (p,p) = (q,q) = o. 



Set 



Then 



n)x~ n ' x . 



5.3. Wakimoto type realization. 

Theorem 5.4. Let £ be a nonzero complex number. Then there exists a homomorphism of 
vertex algebras 



defined by 



H>:V S4 (£,0)^V A ®M(1) 



a(x) i->- (3(x), 

b(x) i y ij'(x) + p(x)j(x), 

c(x) i y p(x), 

d{x) iq{x) + hr^ix) - l p(x) 7 (x) ° . 



Proof. It suffices to prove the following commutation relations: 
[d(xi),d(x 2 )] 

= [iq(xi) + \r l p{*i) ~ o ftsihOd) ^ ,^(x 2 ) + ^"^(xa) - ° /3(x 2 ) 7 (x 2 ) ° 
= j ^(^i)'^)] + ^b(^i), g(a; 2 )] + [ o /3(ari)7(a;i) ° , ° ^(a^hto) ° ] 



9xi 2 \X2j dx\ 2 \x 2 



= 0. 
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[a(x 1 ),b(x 2 )} = H3{x 1 ),e 1 / {x 2 ) + p(x 2 ) 7 (x 2 )] 

= mx 1 ),i{x 2 )]+p{x 2 )[P{x l ), 1 {x 2 )] 

= c(xi)x? 1 5 ( — i — i-^—x^ 1 S ( — 
\x 2 J dxx \x 2 



[c(xi),d(x 2 )} = [p(xi),£q(x 2 ) + -I 1 p(x 2 ) - ° /3(x 2 )7(x 2 ) ° 



e[p(x 1 ), g (x 2 )] = -e^-x 2 1 5^y 



[d(xi),a(x 2 )] 

[£q( Xl ) + \r l p{ Xl ) - I /3(xi) 7 (xi) ° ,/3(x 2 )] 
-a(xi)[7(xi),/3(x 2 )] 
a(x 2 )x 2 " 1 (5 ( — 

V^2 



[d(xi),6(x 2 )] 

[^(Xi) + \r l p{*l) - ° PipMxi) o ,*/(*2) +P(^2)7(^2)] 

£[g(xi),p(x 2 )]7(x 2 ) - £[^(xi),7'(x 2 )]7(xi) - 7(xi)p(x 2 )[/3(xi), 7 (x 2 )] 
~^ X ^ 5 (S) 7(X2) + ^ (dxT^ (^)) 7(^i) -7(*iM*2M*i),7(z2)] 

(S) 7(S2) + e ii^ s (S) - ^ (£) ^ 

-7(xi)p(x 2 )x 2 ' 1 (5 



x 2 

-(^7 , (x2)+7(x2Mx 2 ))x 2 - 1 5('g 



Here we use the following fact: 
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= iM^H (|) - i{x^H (|) . 
[c(xi),a(x 2 )] = [c(xi),6(x 2 )] = [p(xi),/3(x 2 )] = 0. 

□ 

Remark 5.5. (1) <J? is not surjective, since 7(0)1 has no preimage. 

(2) In some physics literature^2\\TQ, several different Wakimoto type modules for H4 were 
given. 

As a consequence, we have the Wakimoto type modules over H4: 

Corollary 5.6. For a S f), Vj± <g> M(l, a) is a module for the vertex algebra Vq (£,0) and an 
H 4-module of level £. 

Proof. Since M(l,a.) is a module for M(1,0), it follows that V4 (8> M(l,a) is naturally a 
module for the vertex algebra V4 M(1,0). Then by Theorem 15.41 V4 ® M(l,a) is a 
Vg 4 (£, 0)-module. By Proposition 14.31 V4 <g> M(l,a) is also an ^-module of level £ 

□ 

Remark 5.7. If (a,p) = 0, then V/i<S>M(l,a) contains an irreducible submodule ismorphic 
to Vg 4 (£, d) for some <d € C. If (a,p) 7^ 0, i/ien Ya ® M(l, a) is isomorphic to Vq (£, <c, d) 
/or some c € C* ; d € C. 
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